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Abstract — The electromagnetic field profiles and energy
densities for some layered superconductor-dielectric structures
are calculated. Of particular interest is the situation when the
superconducting film is thinner than the superconducting pene-
tration depth. In these cases the primary energy storage mechan-
ism in the superconductor is the inertial energy stored in the
superconducting current rather than the magnetic ficld. An un-
derstanding of the arrangement of electromagnetic fields in
layered superconductor-dielectric structures will aid in the devel-
opment of circuits and devices which utilize these properties.

I. INTRODUCTION

The decay length of a magnetic field into a superconductor is
called the penetration depth, 4 [1,2], and, hence, is analogous to
the skin depth in normal metals. Since a magnetic field exists in
the surface of a superconductor, magnetic energy is stored in the
superconductor and can be represented as a magnetic inductance,
L,,. Another energy storage mechanism which exists in the
superconductor is the kinetic energy of the superconducting
current. This energy term can be accounted for by a kinetic
inductance, L. For a very thick superconductor, the inductance
due to both of these energy storage mechanisms is equal if the
London model is used [3]. For very thin super-conductors, L
can be orders of magnitude larger than Ly, [4].

A superconductor allows guided wave geometries to be
considered where significant percentages of the fields are
contained within the superconductor rather than in a dielectric
region. In contrast, the use of a normal conductor in a similar
geometry would result in large losses. A number of microwave
components have been proposed and built which rely on taking
advantage of this unique property of thin superconductors [4-7].
Since many of these concepts utilize the large Ly effect of thin
superconducting layers and one or more dielectric layers, a
detailed examination of several illustrative examples can impart a
greater understanding of the arrangement of electromagnetic
fields in layered superconductor-dielectric structures. This paper
examines the behavior of the fields and energy densities in
layered dielectric-superconductor structures. The equations
governing electromagnetic fields and energy in superconductors
are reviewed. The numerical implementation of the solution for
some illustrative examples is then presented followed by a
discussion of a number of field and energy-density plots.

II. FOUNDATION

Assuming Londons' equations and the two-fluid model are
applicable to the superconductors, the current is given by

. = 1 -
J=JS+J,,=(wuolz) E + o, E 1)

where the subscripts s and # denote the superconducting and
normal currents, respectively. From Londons' equations:

VoJs = -A2H  and  podisfy = ACE ?)
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The relationship between J; and E is consistent with the concept
of describing the stored kinetic energy as an inductance. Jp, due
to the carriers in the normal state, follows from Ohm's law.

Assuming an €/ time dependence the integral form of the
time average power-energy conservation theorem is:

§pg,1(iz’x3*)- 7ds - jwf (e0E -E*- 1 B -B¥)av

s v
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v

since, in a superconductor 2 = iy and € = £y . The third integral
represents energy dissipated (normal current) and energy stored
(superconducting current). Hence, Eqn. 4 can be rewritten as:

%6 (ExB¥) fids - 12 f 6,F-E*dv
2J) 2
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The real part of (5) says that the time average real power trans-
ferred across S is equal to the time average power transferred to
the normal electrons in V. The imaginary part of (5) says that
the time average imaginary power transferred across S is equal
to the difference between time average electric energy and sum
of the time average kinetic and magnetic energies stored in V.
The kinetic energy of the superconducting current is proportional
to the square of the electric field strength but has the same sign
as the magnetic energy, consistent with the terminology of L;.

III. FORMULATION

Two guided-wave structures are studied. Fig. 1 shows a
structure consisting of two thin superconducting films separated
by a dielectric. Fig. 2 shows three thin superconducting films
separated by two thin dielectric layers. Electromagnetic field
solutions to these structures are considered which correspond to
the dominant guided-wave modes. Thus, only the lowest order
TM modes, propagating along the z axis, exist and hence H,
=H, = Ey = 0. The field components in region 7 are given by

dielectric

y

Figure 1. General geometry for a structure composed of two supercon-
ducting layers separated by a dielectric layer.
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superconductor

Figure 2. General geometry for a structure composed of three supercon-
ducting layers each separated by a dielectric layer.
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and Maxwell's equations. Hence, Ey and E; are the only other
non-zero field components. From Eqn. 5 and the geometry
shown in Figs. 1 and 2, it follows that the superconducting
current arises primarily from E,. Approximate closed-form
dispersion equations have been previously derived for both
structures [3, 7]. The second structure is a coupled line problem
with two dominant modes corresponding to a generalized even
mode (c-mode) and a generalized odd mode (n-mode). The
coupling between the parallel plate regions is provided by the
penetration of the fields through the common superconductor.

The approximate closed-form dispersion equations for these
structures, although yielding accurate information about the
phase velocity, vp, and attenuation, are not sufficiently accurate
to reconstruct the field and energy-density profiles, but were
used to provide an initial guess. Instead, a numerical
implementation of the transverse resonance method was used to
accurately determine the roots corresponding to the dominant
guided-wave modes.

III. RESULTS

Field profiles are shown in Fig. 3 for the structure of Fig. 1.
It is assumed that the center dielectric region has a relative
permittivity of 10.0, the superconductors have a penetration
depth of 300 nm at T = 0 (19 = 300 nm), and the operating
temperature is 0.33T¢. These values were used in all
calculations unless otherwise noted. The amplitude of E, was
arbitrarily set to unity at the center of the dielectric region. Fig.
3 shows the behavior of the field components for several values
of superconductor and dielectric layer thickness which, for
presentation convenience, were assumed to be all the same
thickness. Fig. 3a, 3b, and 3¢ show the field profiles when the
layer thickness are all equal to 30 nm (0.1 4g), 300 nm (/.04p),
and 3000 nm (10.04p), respectively. Fig. 4a, 4b, and 4c, show
the profiles for the electric, magnetic and kinetic energy densities
for the same three cases. As the superconducting layer thickness
becomes small compared to 1, the stored energy becomes
dominated by the kinetic energy of the superconducting current
which corresponds directly with the behavior of E;. When the
superconductor is thick compared to A, the kinetic energy and
magnetic energy in the superconductor are virtually identical.

Field profiles, for the structure of Fig. 2, are shown in Figs.
5, and 6. It was assumed that both dielectrics were 100 nm
thick and that the outer superconductors were 20 nm thick.
Figs. 5a, 5b, and 5c show the behavior of E,, E,, and Hy,
respectively, when the center superconductor is 20 nm thicﬁ.
Figs. 6a, 6b, and 6¢ show the behavior of Ey, E,, and Hy,
respectively, when the center superconductor is 100 nm thicﬁ.
The vp of the two dominant modes of this structure have been
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Figure 3. Field profiles for the structure of Fig. 1 when each layer is: a)
30nm thick (0.1Ag), b) 300nm thick (1.0Ag), c) 3000nm thick
(10.0Ap). For clarity, the superconducting regions are shaded
dark gray while the dielectric regions are shaded light gray. The
amplitude of Ey is set to unity at the center of the dielectric.
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Figure 4. Energy-density profiles for the structure of Fig. 1 when each
layer is: a) 30nm thick (0.1Ap), b) 300nam thick (1.0Ag), c)
3000nm thick (10.0A0). The superconducting regions are shaded
dark gray while the dielectric regions are shaded light gray. The
amplitude of Ex is set to unity at the center of the dielectric.
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Figure 5. Field profiles for the structure of Fig, 2, The dielectric regions
(light gray) are 100 nm thick, the outer superconductors (dark
gray) are 20 nm thick and the center superconductor (dark gray) is
20nm thick, The normal electric, tangential electric, and tan-
gential magnetic fields are shown in a), b), and c), respectively.
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Figure 6. Field profiles for the structure of Fig. 2. The dielectric regions
(light gray) are 100 nm thick, the outer superconductors (dark
gray) are 20 nm thick and the center superconductor (dark gray) is
100nm thick. The normal electric, tangential electric, and tan-
gential magnetic fields are shown in a), b), and ¢), respectively.
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shown to behave quite differently as a function of the thickness
of the center superconductor [7]. The vp of the generalized even
mode (c-mode) becomes much smaller as the center supercon-
ductor gets thinner. In contrast, the v, of the generalized odd
mode (n-mode) remains virtually constant. This behavior
follows directly from an examination of the plots of E; in Figs.
5b and 6b. For the c-mode, E; in the center superconductor
becomes larger as the center superconductor becomes thinner.
The increasing concentration of E; in the center superconductor
as the center superconductor gets thinner means an increasing
storage of kinetic energy in the superconducting current. This
implies an increasing inductance per unit length and hence a
decrease in vp. In contrast, it is seen that for the n-mode E; in
the center superconductor actually goes through zero and, hence,
there is little storage of kinetic energy in the superconducting
current in this layer for this mode. Thus the inductance per unit
length is virtually independent of the center layer thickness and,
hence, there is little effect on Vp.

IV. CONCLUSIONS

Field and energy-density profiles have been calculated for
layered superconductor-dielectric structures. The transverse
resonance method was implemented numerically to determine the
complex roots of the guided modes. Profiles of the fields and
energy densities were obtained to yield a better insight into the
design of novel circuit components which utilize kinetic
inductance. Unlike with a normal metal, this mechanism can be
the dominant mechanism for energy storage. Since new micro-
wave components are possible [4-7], an appreciation of potential
limitations is needed. In particular, the storage of large amounts
of energy in thin superconductors implies very large supercon-
ducting current densities. Field and energy-density profiles can
be useful in assuring that the superconducting current density
will not exceed the critical current density of the superconductor.
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